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1. Introduction

Capitd  requirement risk-measures are used to decide required cgpitd for a given risk
portfolio, based on its downdde risk potetid. A popular ridemeasure for capitd
requirement in the banking indudry is the Vdue a& Rik (VaR), basad on a percentile
concept. From shareholders or management’'s perspective, the quantile “VaR” a the
company leve is a meaningful riskmessure dnce the default event itsdf is of primary
concern, and the sze of shortfal is only secondary.

From a regulatory perspective, Professors Artzner, Delbaen, Eber, and Heath (1999)
advocated a set of condggtency rules for a risk-measure. They demondrated that VaR does
not sisfy these consigency rules Even for shareholders and management, a consgtent
evauation of the risks for busness units and dternative drategies would require a
coherent risk-measure other than VaR.

Artizner e d. (1999) proposed an dtenative risk measure --- “Conditiond Tall
Expectation” (CTE), dso cdled the Tal-VaR'. It reflects the mean sze of losses
exceeding the quantile “VaR”, but it ignores losses below the quantile“VaR.”

For the sske of portfolio optimization and sound risk-management, it is essentid for a
risemessure to propely reflect the risk differentids in dternative Strategies or portfolios.
Employing a poor risk-messure may have the consequence of making sub-optimd

decisons.

In this paper we argue that a risk-measure should go beyond coherence. Although being
coherent, Tail-VaR ignores useful information in a large pat of the loss digribution, and
consequently lacks incentive for mitigating losses bdow the quantile “VaR’. Moreover,
Tal-VaR does not propely adjust for extreme low-frequency and high-severity losses,
snce it only accounts for the mean shortfall (not higher moments).



This paper proposes a new risk-measure based on the meanvdue under digorted
probabilities. In addition to being coherent, this new risk-measure utilizes dl the
information contained in the loss didribution, and thus provides incentive for proective
rik maenagement. By udng digorted probabilities this new risk-measure adequatdy
acocounts for extreme low-frequency and high-severity losses.

2. VaR asa Quantile Measure

Condder a rik portfolio (eg., invetment portfolio, trading book, insurance portfolio) in
a specfied time-peiod (eg., 10days l1-year). Assume that the projected end-of-period
aggregate loss (or shortfal) X has a probability digribution F(x). With the prevdence of
computer modding bassd on senaios and sampling, the didribution F(X) is often
discrete rather than continuous.

A dandard risk-measure used by the banking indudry is the Vdue-at-Risk, or VaR. It is
an amount of money such that the portfolio loss will be less than tha amount with a
specified probability a (e.g., a=99%). More formaly, we denote

VaR(@) =Min{x|F(x)3 a}.

If the capitd is sat a VaR(a), the probability of ruin will be no greater than 1-a. For a
discrete digribution, it ispossblethat P{X>VaR(a)} < L a.

Note that VaR is a riskmeasure that only concerns about the frequency of default, but not
the sze of default. For ingance, doubling the largest loss may not impact the VeaR a al.
Although beng a useful risk-measure, VaR is short of being consstent when used for
comparing risk portfolios

3. Tail-VaR as a Coherent Risk-Measure

Artzner et d. (1999) advocated the following st of condgency rules for a coherent risk-
measure:



Subedditivity: For dl random losses X and Y, r (X+Y) £1 (X)+r (Y).
Monaotonicity: If X £ Y for each outcome, then r (X) £ 1 (Y).
Postive Homogeneity: For pogtive congant b, r (bX) = br (X).
Trandation Invariance: For congtant ¢, r (X+c) =r (X) + c.

> W NP

They demondrated that VaR is not a coherent risk-measure. As an dterndive, they
advocated a risk-messure usng Conditiond Tal Expectaion (CTE), which is dso cdled
Tal-VaR. Letting a be a prescribed security leve, Tail-VaR has the following expresson
(see Hardy, 2001):

CTE(@)=VaR(@)+

Pr{ X :_VaR(a )); ><E[X - VaR(@)| X >VaR(a )]-

This lengthy expresson is due to the fact that for a discrete didribution we may have
Pr{X>VaR(@)} <1 a.

Tal-VaR reflects not only the frequency of shortfdl, but dso the expected vaue of
shortfal. TalVaR is coherent, which mekes it a superior risk-measure than VaR. The
Office of the Superintendent of Financid Inditutions in Canada has put in regulaion for
the use of CTE(0.95) to determine the capital requirement.

Recently there is a surge of interest in coherent risk-messures, evidenced in numerous
discussons in academic journds and a professond convetions (see Yang and S,
2001; Meyers, 2001; among others).

The Tal-VaR, dthough being coherent, reflects only losses exceeding the quartile
“VaR”, and consequently lacks incentive for mitigating losses below the quantile “VaR’.
Moreover, Tal-VaR does not properly adjust for extreme low-frequency and high-
Severity losses, snceit only accounts for the expected shortfall.

We ague that a good risemeasure should go beyond coherence. To this end, we
introduce a family of coherent risk-measures based on probability digtortions.



4. Distortion Risk-Measure

Definition 4.1. Let g:[0,1]2[0,1] be an increasing function with g(0)=0 and
g(1)=1. The transform F*(X)=g(F(x)) defines a distorted probability distribution,
where“ g” iscalled a distortion function.

Note that F* and F ae eguivdent probability messures if and only if g:01]->[0]] is
continuous and one-to-one,

Definition 4.2. We dcfine a family of distortion risk-measures using the mean-
value under the distorted probability F* (X)=g(F(X)):

0

4.2) r(X) = E* (X) =- Ju(F(x))dx+ l- g(F (x))dx.

-¥

The ridemeasure r (X) in equation (4.1) is coherent when the digtortion ‘g” is continuous
(see Wang, Young, and Panjer, 1997).

The quantile-VaR corresponds to the digtortion:
g(u):}o' when u<a,
i1,  when u?a,
which shows a hig-jump a& u=a. This discontinuity pre-determines tha VaR is not
coherent.

The Tail-VaR corresponds to the digtortion:
0,
gu=ju-a
t1-a’

when u<a,
when u3 a,




which is continuous, but not differentidble & u=a. Note that “g” magps dl percentiles
bdow a to a gngle-point “0’. Udng this digortion “g” dl information contained in thet
pat of diribution will be logt.

Any smooth (differentidble) digortion “g” will give a coherent riskmeasure that is
diffoeent from Tal-VaR. Wirch and Hady (1999) advocaied usng digortion risk-
messure for capital requirement. They investigeted a Beta family of distortion functions.

In this paper, we recommend the use of a specid digortion known as the Wang
Trandorm:

(4.2) g(W=F [F "*(u)-11],

whee F is the dandad normd cumulative digribution. The Wang Trandorm in
equation (4.2) is a newly devdoped pricing formula that recovers CAPM and Black-
Scholes formula under norma asst-return didributions (see Wang 2000). As shown in
Wang (2001), equation (42) can ds0 be deived from Buhlmann's (1980) equilibrium-
priing modd. For a continuous distribution, the Wang Transform F*(X) = F[F "*(F(X)
-1] is equivdent to an exponentid titling f*(x) =c: f (X)exp(l z), with z = F }(F(X)
being a sandard normd percentile, and ¢ being are-scaling constant.

Definition 4.3. For a loss variable X with distribution F, we define a new risk-
measure for capital requirement as follows:
1. For apre-sdected security level a, let| = F “1(a).
2. Apply the Wang Transform: F*(x) = F [F~1(F(x)) -1].
3. et the capital requirement to be the expected value under F*:
WT(a) = E*[X.

In this paper we shdl refer to the risk-measure in Definition 4.3 as the WT-measure.

In Example 4.1 we compare the behaviors of the WT-measure with Tail-VaR.



Example 4.1. Condder two hypotheticd portfolios with
digributions.

Table 4.1. Portfolio A Loss Didribution

Losx  Probadility f(X)
0 0600
$1 0375
% 0025

Table 4.2. Portfolio B Loss Didribution

Lossx Probability f(X)
$0 0.600
$1 0390
$11 0010

Table 4.3. Risk-Measures With a=0.95.

Portfolio CTE(0.95) WT(0.95)
A $3.00 242
B $3.00 $3.40

the following

loss



At the security levd a=0.95, given that a shortfdl occurs, Portfolios A and B
have the same expected shortfal ($1.25). However, the maxima shortfal for
Portfolio B ($11) is more then double that for portfolio A ($5). For mogt prudent
individuds, Portfolio B conditutes a higher risk. Tal-VaR fals to recognize the
differences between A and B. By contragt, the WT-measure gives a higher
required capital for Portfolio B ($3.40) than for Portfolio A ($2.42).

It is dedrable for a rismeasure to provide incentive for proactive ridemanagement. In
Example 4.2 we illudrate that WT-measure encourages risk-management while Tal-VaR

does not.

Example 4.2. Condder a risk portfolio with ten equdly-likdy scenarios with loss
amounts $1, $2, ..., $10, regpectivdy. Assume that dl loss-scenarios can be
diminaed though active risk management, except that the word-case $10 loss
cannot be mitigated a dl. Suppose a risk-manager is weighing the cost of risk-
management againg the benefit of capitd rdief. Tal-VaR would not encourage
risk management, because there is no capitd rdief for removing losses beow the
worg-case loss. However, by removing dl losses bdow $10, the WT-measure
would aways give a capitd rdief. For indance, usng a=0.99, WT(a) drops from
$.71 to $852, showing a $1.19 capitd rdief; usng a=0.95 WT(a) drops from
$9.12 to $6.42, giving a$2.70 capitd relief.

For a Normd(ms?) digribution, the Wang Transform gives another normd distribution
with m=mHls and s*=s. Therefore, for normd didributionss, WT(a) is identicd to
VaR(a), the 100a-th percentile.

For didributions that ae not normd, WT(a) may correspond to a percentile higher or
lower than a, depending on the shgpe of the digribution, as shown in the following

examples



Example 4.3. When the loss X has a log-nomd digribution with In(X) ~
Norma(ms?), the WT-measure has asmple formula:

WT(@)= exp(mH s+s?/2) with| = F *(a).
The WT-messure for the log-normd didribution corresponds to the percentile
F (I +s/2), which is higher than a.

Example 4.4. Condder an exponentid didribution with mean=1. For a=0.99, we
have WT(0.99)=5.02, VaR(0.99)=4.61, and CTE(0.99)=5.61. Note that WT(0.99)

corresponds to the 99.34'" percentile (higher than a).

Example 45. When the loss X has a Uniform[0.1] didribution, we have
WT(0.99) = 0.95, which corresponds to the 95" percentile (lower than a).

For the WT-measure, risk diverdfication will result in lower | for busness units than for
the whole company. This can be illusraed usng a company condsing of two
uncorrdlated  business units, esch having a Norma(ms?) digtribution. If the capitd
requirement is st & WT(0.99) a the company levd, we have | = F1(0.99)=2.326 for
the whole company. When the totd capitd is dlocated equdly to the two busness units,
we get | = F 1(0.99)/Srt(2) =1.645 for each business unit. In other words, the required
capitd for each busness unit is equd to WT(0.95).

5 Summary

We have shown tha VaR, Tal-VaR, and the WT-measure are dl members of the family
of digortion risk-measures. Their differences are in the specific distortion “g”:

the“g’ for VaR is neither continuous nor one-to-one.

the“g’ for Tail-VaR is continuous, but not differentiable or one-to-one.

the“g” for the WT-measure is smooth and one-to-one.



The WT-meeaure is a direct gpplication of the Wang Trandform, which is an equilibrium:
pricing tranform that recover's CAPM  and Black-Scholes formula For  normd
digributions, the WT-measure corresponds to exactly the quattile-VaR. The WT-
measure is not only coherent, but dso reflects the whole loss didribution and thus
provides incentive for risemanagement.
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1 Various other names have been used to describe this risk-measure, such as Tail Conditional Expectation

(TCE) and Conditional Vaue-at-Risk (CVAR), etc.
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